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Ofpata peydrov Tae@v

INPOBAHMA 1
Ot Betikol aképator p, g elvar Tp@TOL PETAED TOVE KO IKOVOTTO10VV TNV e&loman

p+q’ :(n2 Jrl)p2 +q,
Omov M mapapeTpog 1 glvar Beticdg aképatog. Bpeite OAa ta duvatd (evyn ( D, q) .

Avon
H dedopévn e&icmon givar icodvvaun pe v e&icmon

q(q—l):p[(anrl)p—l] (1)
Eneidn eivan MKA{ p,q} =1, amo v (1) éneton 611 p‘q—l, q‘(nz +l)p—l Kat

g-1 (n2+1)p—1

= =k, )
p q
omov k BeTikdc axéparog. Amo T1g eElomaelg (2) Aappdvoope
k+1
=kp+1 xou p=—"7. 3
q="hp PE &)

Eneidn o p elvan Betikdc axéparog, amd v (3) énetar OtL:
0<n’+1-k <k+1=k <’ +1<k° +k+1

:>k2—1<n2£k2+k:>k2£n2£k2+k<(k+l)2,

omoTE TPOKLITEL OTL k = 1. 'Etol and 11g oyxéoeig (3) Aapupdvoupe:
n+1 )
=————=n+lxkang=n(n+l)+1=n"+n+l.
Perase g=n(n+1)
Ebkola Swmotdvovpe ot 10 Cevyapt (p,q)= (n +L,n’+n+ 1) emodnfeder ™
Sedopévn eicmon kon 6T wyver: MKA{p,q} =1. Hpdypot, av sivae MKA{p,q} =d,

1018 d |(q —np)=1, onote Oa givon d =1.

ITPOBAHMA 2
No mpocdiopicete Oho To Un UNOEVIKA TOALMVLLA P(x) Ko Q(x) UE TPAYLOTIKOVG

GUVTEAESTES, ehayioTov duvatov Pabuov, Tétoln dote

P(x2)+ Q(x) = P(x)+ xSQ(x), i kdPe x € R.



Avon
H dedopévn 1ootnTo YpageTal 15030 VoL

P(xz)—P(x):(xS—l)Q(x), v kée x € R, €))

To moAvmdvopo tov debTepOL LEAOVG £xEl LETOED TV PLi®dV ToL Tig pileg mEUTTNG TaEEMG
™m¢ povéadoeg: 1, o, o, @, ', omov a)=cosz?ﬂ+i sinz—ﬂ, Y TG omoieg oyvEL OTL
@ =1xu 0’ =0, d=0av.

Amd v (1) Aappdavoope

P(0)=P(or).P(07)= (o). P(o')= P() =P
omoTe Oa Eyovpie
=P(0’)=P(0')=P(a").

Av b eivor n ko Ty tov P ),P( ( ) Ko P( ), TOTE TO TOAVMVLUO

).p(of)=P(d))= ().

P( ) b éye pilec Tovg apOpole @, @, @ , @', onote Ba LOYVEL:

P(x)—b (x a) ( )( )( 4)R(x)
& P(x):(x +X +x +x+l)R(x)+b.

Ene1dn to molvadvouo P (x) EYEL TPAYLLOTIKOVG GUVTELEGTEC TPEMEL TO 1010 VO, 1o DEL Kut
y1o. T0 TOAV®VVRO R (x) ko eniong npénel b € R . EmmAéov, npénel 1o ToAvdvopo P(x) va
glvatl Tov eAdylotov duvatoh Pabpov, ETETOL OTL TO TOAVMVULLLO R(x) TPENEL VA, €lval TOV
eldyotov dvvatov Pobuov. Av givor R(x) =0, ondte dev opiletar o Pabuds Tov, TOTE OO
mv (1) Tpoxdmrel 611 (x5 —I)Q(x) =0, and v onoia, dedouévov 1L 0 SaKTOALOG R[x]
TOV TOAVOVOL®OV TPOYUATIKNG HETAPANTAG Oev €xel undevodtonpétes, £metat Otl Q(x) =0,
7oL etvar PN amodektd. Emopuévag to moAvdvoupo R(x) mpémel va glvar pundevikov Babpov,
dniadn otabepd moAvdvupo, éotm R (x) =a#0. Tote Oa Egovpe

P(x) :a(x4 +X +x° +x+1)+b: a(x4 +x 4+ +x)+c,
omov aeR’, c=a+beR.

Emopévamg, n oxéon (1) yiveron

P} p)=( )0t
<:>a(x8+x6+x4+x2)—a(x X +x ) (xS—I)Q X
ea(x -x'+x"—x)=(x" -1)0(x)
ea(x +x)(x -1)=(x"-1)0(x)
& (¥ -1)[ a(x’ +x)-0(x)]=0.
Am6 T tehevtaio 106mta Tolvevipey ittt ot O(x)=a(x'+x), aeR".
2 Tpémog

O eldytotog duvatdg Pabuog Tov moALV@VOROL ToL dgvtépov péAovg G (1) eivar 5, evd o
Babpdg Tov moAvVHLOL TOV TPDOTOL PEAOLG givar dpTiog, omdTe Ba Exovpie
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mindegQ(x)=1 ko1 mindeg P(x)=3.
Av vrobécovpe 0T P(x) =a,x’ +a,x’ +ax+a,, a,,a,,a,,a, R, a, #0, 1618 06

d€JOUEVT] 16OTNTO TOAVOVOU®V AOUPBEVOLE

P(xz)—P(x)z(xS—l)Q(x) (1)
:>(x5 I)P(xz) =ax’ +a,x' +ax’ +a,—a,x’ —a,x’ —a,x—a,
= (" 1), (x* —x )+a2x +ax —a,x —ax
:>(x5 1) a3[ x’ —1 —x3)]+a2x4+alx2—a2x2—alx
= (x" - 1)a3[x(x5—1)]+a2x4—a3x3+(a1—a2)x2+(a3—al)x.

Ao ™y Televtoio oyfom TPOKLMTEL OTL A,X' —a X’ + (al - az)x2 + (a3 —aq, )x =0,
omote AopBavovpe a, =a, =0, a,—a, =0, a,—a, =0< a, =a, =a, =0, drono.

Enopévag dev vmdpyer moAvdvopo P(x) tpitov Pabuod TéTO10, MOTE VO 1oYOEL 1M
dgdopévn 100TNTO. XN OLVEXEW Bempolue P(x) = a4x4 + a3x3 + azx2 +ax+a,, pe
a,,a,,a,,a, € R,a, e R". Epyolopevor, 6mog mapamive, Aopfdvovps:

P(xz)—P(x):(x5 —I)Q(x) 1))

:>( : 1) P( ) ) a,x" +ax’ +ax* +ax’ +a,—a,x' —ax —a,x’ —ax-a,
= (3~ 1)ja
:>( 1)‘(x5 —1)(a4x3 +a3)c)+(a2 —a4)x4 +(a4 —cg)x3 +(a1 —az)x2 +(a3 -aq )x
Amo Vv televtaia 160TNTO TPOKVTTEL OTL
(a2 —a4)x4 +(a4 —a3)x3 +(Cl1 —a2)x2 +(a3 —al)x:O<:> a=a,=a,=a,eR’,

5 4 2 4 3 2
[(x —l)x +x ]+a3[(x —1)x+x}+a2x +ax" —ax" —ax —a,x" —ax

omote Aappavoupe
P(x) = a4x4 +a3x3 + a2x2 +ax+a,=a, (x4 +xX X+ x)+ a,,a, € R*,ao eR.
X ocvvéyeta amd ) oyxéon (1) Tpokdztet Ot

P(xz)—P(x) = (x5 —1)(a4x3 +a4x): (x5 —I)Q(x) = 0(x)=a, (x3 +x),a4 eR".

IMPOBAHMA 3
Atveton o&uydvio tpiyovo ABIT (ue AB < AI'<BI), eyyeypoppévo og KOKAO
c(O,R) (pe xévtpo 10 onueio O ko oktiva R). H dyyotépog AA téuvel tov

nepryeypappévo kokho ¢(O,R) oto onueio K. O wxdkhog ¢,(0,,R)) (mov €xet to
kévipo otnv OA kot mepvdel amd ta onueion A,A), téuver v AB oto E kol v

Al ot0 Z. Av M, N eivor ta péca tov ZI' kou BE avtictotya, amodeilte 0Tt ot
evbeiec EZ, AM ,KI' mepvave amod 1o idwo onpeio (éotw T), ot evbeieg EZ, AN ,KB
nepvave amd 1o 1010 onpeio (éotw S) kot 6Tt OK eivar pecokdabetn g TS.

Avon
Epdcov 10 kévtpo tov khKkAov ¢, Bpioketon endve otnv OA, ot kOKAOL ¢ kot ¢,
Oo epdntovtal eocwtepwcd oto onpeio A. Aniadn ot kOkAolt ¢ Ko ¢, eivon
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opotobetot o1t opotobecia pe kévrpo to onueio A kot Adyo A (A givar o Adyog TV
OKTIVOV T®V 000 KOKA®V).

ZyMua 1
Av howmdv kdmota gvbeia mepvael amd 1o onueio A Kot TEUVEL TOLG KVKAOVS ¢
Kot ¢, ota onueia © xar O, avtictoyya, Tote AO = 1A0,.

Me Bdon tic TponyoOUeVES OKEYELG £XOVLE:

H BI' eivon opoioben e EZ, ondote BI'//EZ. H KI' eivor opoidfetn g
AZ , onote KI'//AZ.Eotw T to onueio toung tov EZ o KI'. Tote to AZTT
glval ToapaAAnAoypappo, dpa kot AM Ba mepvaet and to onpeio T.

Me 6poto tpoémo amodeikviovpe 6t kot to AESB givat mapaiinridypappo, ondte
ot evbeieg EZ, AN ,KB mepvdve amd 1o onueio S.

Epdcov 10 O eivan 10 opowdbeto tov O, xor K 10 opowdbeto tov A,

ovumepaivoope 6t O,A//OK ko enewdr] OK L BI' (d6tt K elvon to péso tov
10&ov BI'), cvpumepaivoope 61t O,A L BI'.
Apan BI' gpdmtetar Tov kOKAov ¢,(O,,R,) oto onpueio A.
Epbdcov A eivar 1o onpeio enagng Exovue:
A A a . A
A=A,=A=A,=—
(o1 yovieg A - Az oynpotiCovtan amd Yopdn Kot EPATTOUEVT)
g cuvovaouo Topa pe ta mopaAinrloypoppa AESB kot AZTIL, éxovpe:
~ A

S=T=2=.
2

Apa 1o tetpdmievpo BI'TS eivan icookeléc tpanéllo ko koatd ovvénein n OK
etvar pecoxdBetn e TS (6101t eivan pecoxkdbetn g Pdong tov BIN).

IMPOBAHMA 4
To 10ookeréc Tpamélio Tov oynuotog arotedeiton ond ica  petadd ToVg WOTAELPA
Tplymvo mov ot mAevpég tovg £xovv pnkog 1. H mhevpd A E éxer pfikog 3 ko

pueydin Paon tov AA, €xer pnkog v—1. ZEekwaue and to onueio A, ko



12

KWVOOHOOTE KOTE PKOS TV €uOLYpAUU®Y TUnUdTOv Tov opilovior HOvo mpog To
de€la ko emdve (Ao&a apiotepd 1 AoEA de&rd).

Ee

Ymoloyiote (cvvaptioet tov v M aveédpmmra amd avtd) 10 TANnbog AV TV
SVVATOV SLOOPOUDV TOV UTOPOVUE VO OKOAOVONGOVUE, LE GKOTO VO KOTAANEOLLE
ota onueia B, I, A E, 6mov v axéparog peyoldtepog tov 3.

Avo

>m Ttsyd?m Baon tov tpomeliov vmapyovv ta onueia A, A, A;,...,A . Zmv
emdpevn) mpog T Gve ypoupn vmapyovv to onueio B,,B,,B;,...,B ,=B. Xmv
emdpevn TPog ta Ave ypoupun vrapyovv ta onueta I',I,,I5,...,I _, =I". X ppn
téLog Bdion tov Tpaneliov vrdpyovy ta onpein E= A A AL, A L =A.

®a cvpporilovpe pe pkpd (meld) ypdupoto 10 TAN00G TOV TPOTWOV HE TOVG
0T0{0Vg UITOPOVUE VO TTPOGEYYIGOVUE Ta OvTioToryo onpeia (mtov cvuPoAilovrtal pe
kepoiaio ypapupata). I'a mopdaderypa, pe B, copporiCovpe to mAn0oc tev tpdnmv pe

TOLG 0TOl0VG UTOPOVUE VO TPOGEYYicove To onueio B, .

E=A, A, A=A 4

v-1
2(v-1)
AV
Zxnua 2
pogavas o, =a,=a,=a,=a,=--=a,=1, ddnt 10 avtiotoryya onpueia

UTOpOVV v TPOGEYYIGTOVV HE €va HOVO TPOTO (dedopévoy OTL UTOPOLUE V.
KtvnBovpe povo mpog Ta O&1d Yoo TNV TPOGEYYIoT TOVG).

Ye kGbe GAAN mepinT®OT, Ol TPOTOL TPOGEYYIoNG TPOKLITOVY AO TO AOPOICLA
TOV TPOT®V TPOGEYYIONG CNUEIWV, YEITOVIKOV TPOG T OPIGTEPE KOl TPOS TO KATW
(ka1 aprotepd Kot kbto 6e&1d). 'Etot éxovpe:

B=a+a,,
B=B+a,+ta,=a,+a,+a,+a,
=a,+20,+a,=2(a, +a, +o;)— (o, + o),
Bi=p+a,+ta,=a,+2a,+a,+a,+a,

=a,+2a,+o)+a, =2a, +a,+o,+a,) - (o, + ),
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KoL YEVIKA Aapfavovpe
Bo=2a+a,+a;++ay ) (g +a,,)=2(k+1)-2=2k, ,
vy k=1273,...,(v-1).
Apa &xovpe:

p=p,=2v-D|
Me avdroyo TpOTO VTOAOYILOVUE TOVG TPOTOVS TPOGEYYIONG TOV CNUEI®V NG
Tpitng amd KAT® YPOUUNG Kot TG PKpns Pdong.

Vi= Z(ﬂl +ﬂ2 +:B3 +"'+ﬂi+1)_(ﬂ1 +ﬂi+l) =
=22+4+--+2(i+1)—-(2+2i+2) =
=4(1+2+---+({@+1)-(4+2i)=
=2(0+D)(E+2)-2(i+2)=
=2i(i+2), i=123,...,(v-2).

Apa &govpe:

V=7, =2v(v-2)|

Opoimg, €xovpe
0, =20+ 12t Vst V) = (M H 7)) =
=4(1-3+42-4+--+(m+1)(m+3))-2(1-3+(m+1)(m+3)) =
N
:4(m+1)(m+62)(2m+9) 5

=§m(2m2+12m+19), m=12,3,....,(v=3)..

(1-3+(m+D(m+3))=........

Apa €govpe:

5=5_, = %(v—3)(2v2 +1)).

A’ gvbeiog pmopovpe Vo SOMIGTOGOVUE OTL: £ =22.

Ynoloyiopdg Tov afpoiopatos: S=1-3+2-4+---+(m+1)(m+3).

Xpnowomotdvrag Thv 166t x(Xx+2) = X" +2x Y x =1,x=2....,x = m , £(OVLE:
1-3=1"+2-1
2:4=2"+2-2

3.523212.3 b g o mntD@mAD o, mimtl) m(m+DEm+T)

6

m(m+2)=m’+2m
(m+1D)(m+2)2m+9)

®¢tovpe 6mov m to m+1 ko Egovpe S = 5




