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OEMATA ZTA MAGHMATIKA I'" AYKEIOY NMPOZANATOAIZMOY
©EMA 1° Aoknon 4 oxoAikou BiBAiou oeA. 29 - BeATIWHEVN

210 oxnua 1o BI'AE cival teTpdywvo £xel TTAsupd 2 N 7

Kal 1oxvel 6Ti: AB =1, Al =3, AM =x, e MN L AB. B '

Av 10 onueio M diaypdgel 1o TUAUA AlT, TOTE: ;_’ 2

o) Na atrodeigete 0TI TO EUPAdOV TOU XWpiou TToU A ;A 2 -
x>, 0<x<

dlaypageTal, divetal amrd Tn ouvapTtnon f(x) =
2x-1, 1 <x <3

f(x).np(ij +0UVX + 3X —1
B) Na Bpeite 1o OpIO0: Iirrg X .

f(X) +nuXx
y) Na atrodeicete 611 n f avTioTpEéeTal, va BPEIiTE TNV AVTIOTPOPN TNEC KAl VA KAVETE
TN YPAYIKN TNE TTapdoTacn oTo id1o ouoThua afdévwy ue auth Tng f.

&) Na Bpeite T0 epPadsdv Tou xwpiou Q TTou TrepikAgieTal amé Tig C,, C... kai Ty

guBeia pe eCiowan: x = 3.

EAAHNIKH MAOHMATIKH ETAIPEIA NMAPAPTHMA HMAOIAZ



Auon

a) e Av 0 <x <1 T161¢ AMN ~ ABE omére: ? = @ < MN = 2x, Kal 10 egadov

2

X"

Tou Tpiytwvou AMN eivai:  E(x) :% =

e Av 1<x <3, amd 1o Tpatméfio AMNE tTou oxnuarietal, To egBadov gival:

X+x-1).2 B (2x-1).2
2 2

E(x):(

=2x-1.

f(x)nu(l) + OUVX + 3X —1

i X B
B) Im f(X) +Nux -

Xz-nU(1J+0’UVX+3X—1 _ XN 1 +3+0UVX_1
li X " X X 0+3+0
im 5 = lim _ _
=0 X" +NuX x—0 X+M 0+1

X

3.

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




y) H ouvdptnon f wg yvnoiwg auouca oto didoTnua [0,3], gival avTIoTPEWIKN Kal
IX 0, 0<x<1
éxel T0TTO: f7'(X) =1 4

§(x+1), 1<x<5

8) To E(Q) utroAoyiZetal atrd To dBpoicua
Twv epBadwy ota Slactiparta [0,1] kai [1,3]

Kal TTAiPVOU ME:

E(Q)=E(Q)+E(Q;)=

J‘:(\&—xz)dx +.L3(2x—1—%(x +1))dx = %

TETPAYWVIKEC HOVADEC.

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




©EMA 2° Aoknon 4 oXoAikoU ogA. 132 —BeATIWpEVN

Aivetal n ouvdptnon f(x) = In(x2 +1), XeR

o) Na geAeTNBET WC TTPOC TNV JovoTovia Kal Ta aKpOTATA.

B) Na atrodeifeTe OTI

f'(x )\ <1, yia KGBe x € R ka1 atn ouvéxela Ot I0XVE:

o +1

In <la-
BZ+1‘ | B

, YIa KABe a, Be R.

v) Na peAetnBei wg TTpog Ta KoiAa-KupTd pépn kail va atmodeigete 611 n C, £xe1 duo

ONUEIA KAPMTTAC TWV OTTOIWYV VA BPEITE TIC CUVTETAYMEVEC.

0) Na BpeiTe TIC ECICWOEIC TWV EQATITOUEVWY OTA ONUEIA KAUTTAC KAl va ATTODEICETE

, . (X2 +1
OTI IOXUEI: In

jsx—1, yIa KABe x > 1.

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




Auon

w2 '
a) H mapdywyog tng f eivar: f'(x) = (In(x2 +1))' = ())((2+11) = x22)i1’ X € R.
+

loxUouv: f'(x)=0<x=0 kal f'(x)>0< x>0, K. A T

B) loxver: [f'(x) <1<

XZX1|s1®2\x\5x2+1®(\x\—1)220, aAndrc V x e R.
+

e [10 a =, n oxéon 1oxUel w¢ 100TNTA.
e [a a #B, é0TW a < B, n f IkavotTolEi OTO A:[a,B] NG ouvBnkec ©.M.T.

Etropévwg uttdpyel TG TouAdyioTov apiBudg & e (a,B) TéTolog WaTe:

(€)= f(ag—;(ﬁ) & (a-B)f'(&)=In(c® +1)-In(B* +1) & (a—B)f'(€) = |n(§j 11]

[MaipvovTag TNV atroAuTn TIUR, M€ OEOONEVO OTI

f'(x )\ <1, TTpoKUTITEI N AVICATNTA.

EAAHNIKH MAGHMATIKH ETAIPEIA NMAPAPTHMA HMAOIAZ




2(1-x?)

y) H deltepn TTapdywyog Tn¢ ouvaptnong f ivai: f"(x) = ﬁ
X +1

XeR

O pigeg Tng f"(x) =0 ka1 To TPéONUS Tng " (X) PaivovTal aTov TTapaKdaTw Trivaka:

211G B€oeig X, =-1 kal X, =1, n ouvapTnaon TTapouacIddel KAUTTH Kal Ta onueia

kauTrAg eivar Ta: A(-1,In2) ka1 B(1,In2).

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




&) O1 e@amTépEVES TNG YPAPIKNG TTapdoTaong C. oTa onueia kautmg A kal B

avtioToixa gival: y=-x+In2-1 kar y=x+In2-1.

MNa x =1, nfeival KoiAn, otréTe N KAPTTUAN BPioKeTAl «KATW TNG EQATITONEVNCY

- Emopévwg ioxler: f(x)<x+In2-1<In(x*+1)<x+In2-1<

2
In(x* +1)—In2sx—1©ln(x +1Jsx—1.
2

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




©EMA 3° Aoknon 7 oXoAIKoU geA. 132 —BeATIWHEVN

AivovTal ol ouvapTnOEIC:

f(x)=(e" —a).2* Kai g(x)=-x>+2x+InB+1 yiaKkaBe x e R kar a,BeR.

Av Ta onueia A(0,y,) ka1 B(1y,) eival koivé Twv TrapacTdoswy C,,C, TOTE:
o) Na deicete 611 a=0 ka1 B =1.

B) Na d¢igete 6T o1 C;,C_, dev €xouv AAAa Kolva onueia eKTOg Twv A Kal B.
v) Na amodeigete 6m f(x) < g(x), yia kdBe x €]0,1].

0) Na kdavete Tn ypagikr tapdortacn Twy f,g oT1o idlo cuoTnua agdévwy Kal

va utToAoyioeTe 10 eUPRAdOV Tou Xwpiou Q TTou TrEpIKAEieTal amé Tig C,,C .

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




Aoon

f(0)=g(0)<:> C}{e“—a—1:0
f(h=g(1) =1 '

H eCiowon e” —a—-1=0, éxel Tpogavr pifa Tov apiBud 0. @swpolpe Tn ouvdpTtnon h

a) loxuer: {

ue h(a)=e“-a-1,aeR, TTou gival cuvexAc oto R w¢ dBpoIoua cuveXWV BacikKwyv
OUVOPTACEWYV Kal TTapaywyiciun ge mapdywyo tnv h'(a)=¢e" -1, ae R.
ATTé ToV TTivaka @aiveTtal 011 n ouvaptnon h €xer eAdaxiotn iR 0, yia a=0.

Apa ol TINEC TwV a, B givalza=0 ka1 B =1.

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




B)Na a=0 kai B =1, ol TUTTOI TWV CUVaPTACEwWV f, g, TTAipvouV Tn HOPPA:

f(x) =2¢| ka1 | g(x)= X +2X +1

‘EoTw O11 01 ypa@IKEC TOUC TTAPACTACEIC £XOUV Kal 30 KoIvO onuEio To I'(K, y) ME
kK=0,1 mx. 0<1<k. MNaTnouvaptnon ®X)=f(x)—gx)=2* +x* —2x -1,
loxUouv: @'(x)=2*In2+2x-2 kai @0)=¢(1)=@(K)=0.

e ETTopévwcg 1oxUel To @.Rolle ota diaotAuara [0,1] kai [1,K], dpa utrdpxouv dUO
TouAdiiaTov apiBuoi x, € (0,1), x, € (1,k) waTte: @'(x,) = '(x,)=0.

e [1a TN ouvdapTtnon @' 1oxVel: @"(x)= 2% (In 2)2 +2, Kal @'(x,)=9'(x,)=0.
Emropévwce 1oxUel kKal yI' autry To ©.Rolle oto didotnua [x1,x2], Apa UTTAPXEl £vag
TOUAdIXIOTOV apIBuog & € (X,, X, ) woTe: ¢"(§) =0. Auté 6uwg &roTro dI6TI:

@"(x)=2%(In2)" +2>0, V yia K4Be X € R.

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




y) loxUel n ioo0duvaia: f(x) < g(x) < f(x)—g(x) <0, yia k&Be x [0,1].
H @(x)=f(x)—g(x)=2* +x* —2x —1, eivar ouvexnig oto didotnua [0,1] kai @(x) =0,

oto didotnua (0,1). Apa armd Tig cuvéTTeleg Tou BswpripaTog Tou Bolzano, n ¢
dlatnpei oTaBepd 10 TTPdonué Tng oto (0,1). Emeidn (p(%j = -0,35 <0, Ba 1oxUel

¢(x) <0 < f(x) < g(x) yia kaBe x €[0,1].

0) H ouvaptnon g ypA@ETal yia TN YPAPIK TNG
mapdoTaon: g(x) =X +2x +1=—(x —1)2 +2,

aAAIWE Bpiokoupe TNV Kopu®n TNE B HE ToVv TUTTO

B(—E, f (—%D yvwpilovtacg o1l £Xel acova

GUUUETPIOG TNV KATAKGPUQN €UBsia: X = —B/2a . | /

¢ E(Q)- j'\f(x) g(x)) dx = J' g(x)— f(x)) dx= I1(—x2+2x+1—2x)dx:....

0

EAAHNIKH MAGHMATIKH ETAIPEIA NMAPAPTHMA HMAOIAZ




©EMA 4° Aoknon 3 oXoAIkoU ogA. 151 — BeATiwWpEVD

‘Eotw o1 ouvaptioeig: f(x)=€e" , gx)=x+1 yvia Xe R kar h(x)= ;, ue x> 0.

o) Me mn BonBeia Tn¢ aviodtnTag e* > X +1, yia kéBe x > 0, va atrodeifeTe OTI:
2f (x)—2g(x) > X°.
B) Na oxedidoete TG ypa@ikég TapaoTdoelg C.,C. Twv f, h avrioToixa kai va
UTTOAOYioETE TO EPPAdOV Tou Xwpiou Q TTou TTEPIKAEiETAI QTTO TIG C,,C,, TOUG

Aagoveg X'X, y'y Kal Tnv eubegia e: x =y, p>0.

: o e E(W)+Inp o E(U)
: lim lim .
Y) Na utroAoyioeTe Ta opia: i) M e 1 Ii) ! T

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




Auon

a) Haviootnra 2f (x)—2g(x) > x* 1coduvapei pe nv: 2e* —2x —2—-x°>>0.
‘EoTw n ouvdpmon: Q(X) =2e* —2x—2-x?, x €[0,+e)Tmou £xel TTapdywyo TV
Q'(Xx)=2e"-2-2x = 2(ex —X —1). loxuel: @'(x)=0, yia x=0 kal ¢'(x)>0,x>0.
ATTO ToV TTivaka pJovoToviag TnG @ TTPOKUTITEI OTI: @, = @(0) = 0. Apa 10X UEl

@(x)> 0 yia KABe x >0, dnAadn 1ox0el: 2e* —2x —2 —x* > 0, yIa K&Be X > 0.

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




B) O1 ypaoikég TTapaoTdoelg Twv f kal h €xouv povadikd onueio To A(1,e) Q10T
atré TNV 106TNTA e” = ; , TIPOKUTTTEI N e€iowon: xe* =e < xe* —e =0 ka1 atrd T

MEAETN TNC oUVAPTNONG K(x) = Xe* —e, TTPOoKUTITEI N HovadikdTnTa TNS pidag p=1.

e Av 0 <p <1, 1o egBaddv Tou Xwpiou ivai:
H p

E(Q)= I e*dx = [e"] =e" -1, TeTp. HovAadeC.
0 0

e Av u>1, 10 eupaddv Tou Xwpiou gival:

y
E(Q):I ; dx = e[lnx]‘: =elnp, TETP. HOVADEC.
1

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ



y) Ta duo opia utroAoyidovTal wg €GNG:

E(p)+|np_I e 1+Inp [— J
0

i) im

w0 e — -1

2 —+2|
H—>+0 e“+u+1 u—>+°°e”+u+1 +o0

_u_2+2 11 e
lim = lim {—(——+2)}:02=0.
H—+ eu P—>+00 ep uz




©EMA 5°

Acoknon 6 oXoAIKoU ogA. 152 — BeATIWHEVN
a) Aivetal n ouvapTnon:
f(x)=(x—0a)"(x=B) (x-y)’, yia xe R kai a,B,yeR e a<B<y.
Na atmrodeigete 0TI £XEI TPiA TOTTIKA eAdXIOTA KAl QUO TOTTIKA UEYIOTA.
B) Av g(x)=(x-a) (x—B) (x-Yy)', uE a<B <y Kal V BETIKOC aKEPQIOG, TOTE

va Bpeite To TTARBOC Kal To €id00¢ TWV TOTTIKWY AKPOTATWY TNE ouvdapTnong g.

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




Auon

a) MNa 1 ouvdptnon f mpogavwg 1oxvel f(a)=f(B)=f(y)=0. Exel mapaywyo
™ ouvaptnon: f'(x)=2(x—a)(x —B)(x —y)[3x2 —2(a+B+y)x+aB+By+ ay]
Mapatnpoupe 6t kai yr' auth 1oxver: f'(a)=f'(B)="f"(y)=0. (1)
e H fikavotrolei Tig ouvBrikeg Bewprparog Rolle ota diactiuata [a,B], [B,y],
dpa uttdpxel évag TouhdyioTov apiBudg &, € (a,B) kal évag TOUAGXIoToV apIBuog
¢, €(B,y) wote vaioxver: f'(g,)=f"(g,)=0 (2)
ATTO TIC (1) Kai (2) TTpoKUTTTEI OTI N ' £€X€l 5 TOUAAXIOTOV pPifecC. To TPIWVUNO TNG
ayKUANG éxel A >0, eTTopévwg ol pigeg Tng f'(x) =0, gival akpIBwg TTévTe Pigeg.
A6 Tov TTivaka TTpéanuou TG f'(x), TTPoKUTITE TO {NTOUUEVO.

EAAHNIKH MAGHMATIKH ETAIPEIA NMAPAPTHMA HMAOIAZ




B) To epwTtnUa auTd ATTOTEAE YEVIKEUON TOU Q) EPWTHMATOC Kal JIAKPIVOUNE TIC

TTAPAKATW TPEIC TTEPITITWOEIC:

(x—a)(x=B)(x-y).

e Av v=1, 16T€ n ouvapTnon g Traipvel TN pop@r: g(X)
‘Exel Tapaywyo TV g'(x)=3x* —2(a+B +y)x +ap+By +ay pe diakpivouoa
TOV apIBuS: A = 2[(0( B +(B-y) +(a- V)ZJ > 0. Apa £Xel 2 QVIOEC PIZeC Kal
ATTO TOV TTiVAKQ TOU TTPOCNMOU, £XEI £va TOTT. MEYIOTO Kal £va TOTT. EAAXIOTO.

® v=2K, T6TE g(X)=(X- a)™ (x— B)™" (x - V)™ kai OTTwg n f Tou a) pépouc £Xel
Tpia (3) TOTTIKA eAAXIOTA KAl dUO (2) TOTTIKA MEYIOTA.
, 2x+1 2x+1 2x+1 , ,
o v=2k+1,76T g(X)=(Xx—0a)  (X—B)" (X-Y) ka1 émwg étav v =1,
EXEI Eva TOTTIKO EAAXIOTO Kal £va TOTTIKO PEYIOTO.

EAAHNIKH MAOGHMATIKH ETAIPEIA NMAPAPTHMA HMAOIAZ




©EMA 6°

Aoknon 10 oXoAIkoU o&gA. 152 — 60TTw¢ €ival

H vauAwaon piag kpouadlépac armraitei TNV ouhueToxn TouAdxiotov 100 atépwv.
Av dnAwoouv cuppeToxn akpiBwc 100, To avritipgo gival 1000 supw. lNa KABe
ETMITTAEOV ATOUO TO AVTITINO MEIWVETAI KATA 5 eupw. Na Bpeite TTéoa AToua
TTPETTEI VO ONAWCOUV CUPMETOXH WOTE VA £XOUUE TA TTEPICOOTEPA £00DAQ.

Ymoodein
‘Eotw X, Ta dtopa Tou 8a dnAwaoouv cupueToX oTnv Kpoualiépa pe X >100.

e TO TTO0O TTOU Ba TTANPpWOoEl KABE AdTouo TTpokUTITEl atmd 1000 — EKTTTWON,

dnAadn 1000 —(x —100).5 =1500-5x. Ta écoda 16TE Ba €iva:
E(x) =x.(1500 - 5x) = -5x* +1500x, x >100. (Atrdvtnon: 150 &toua)

EAAHNIKH MAGHMATIKH ETAIPEIA NMAPAPTHMA HMAOIAZ




@EMA 7° Aoknon 12 oxoAikoU ggA. 153 — BeATIWHEVN

@EAOUUE VA KATAOKEUAOOUNE £va KAVAAI VI VA HETAQEPOUNE TTOCOTNTA VEPOU.

H k&Betn diatoun ToU £X€I TO OXAMA TOU
IcoakeAoUC Tpatrediou ABIA.

o) Na d¢icete 611 TO ePadSV TS dIATOUNAC

gival: E@)=4nuB(1+0ouvB), 6 € (Og}

B) Na Bpeite TN ywvia 6, WOTE TO KAVAAI HETAPEPEI TN MEYIOTN TTOOOTNTA VEPOU.
T
v) Na vivel n ypagiki TTapdoTtacn tng ouvéaptnong E(6), 8 e (0,5}.
L
8) Na Bpeite To TTABOC TwV pIZWwyv TS e€iowong: E(8) =5,yia B € (O,E).

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




Auon

a) loxuer: BIH :AAG), otmméTe: HIf = A® =20uvO Kal BH=u=2 nueé.

Etropévwe 10 eupaddv Tou Tpartreliou gival:

E(8)=4nud(1+0uvl), 6 c (o,g]

B) E'(6)=4 (20uv’0 +ouvB-1), 8 (0’ g)

E'®)=0< 20uv8+0uve —1=0 < ... 0ouvd =% | ouvl = -1 (atToppiTrTeTAl)

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




y) MNa 1n ypa@ikn mapdotacn Bpiokoupe Kal Tn deUTePN TTAPAYWYO TNS E TTOU €ival:

E"(6) =—4nub (1+40uvB), kai1oxUel:

E"(0) <0, V 96(0,%).

ATTé Tov TTivaKa Kal TN YPAQIKA TTApAcTacn @aivetal 0Tl N ouvAaptnon E eival KoiAn

oe 6Ao To SidoTnua [0,11/ 2].

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




Kal (
‘ o \-;;;\%

&) H ouvaptnon E(8) eival ouvexrig oTo didoTnua {Og] dpa Kal oTa [Og]

[E,—]. O1 igég Tng E(8) oTa dkpa Twv dlacTnudTwy eivar:

E(0)=0, E(g)z 5,2 Kai E(g]z 4

ATTO TO BewWpnUA TWV EVOIAUECWY TIHWYV
Kal Tn JovoTovia Tng cuvdaptnong E(6),

n eciowaon E(B8) =95, £€xel yjovadikry Auon

o€ KaBgva atrd Ta dlacTAPATA (Ogj

LI
). Apa n egiowaon E(B) =5, €xel duo AUCEIC OTO dlIACTNMA (0,5].

w|
N |
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©EMA 8° Aoknon 3 oXoAIKoU ogA. 173 — 6w gival

loookeAEC Tpiywvo ABI gival eyyeypaupévo o€ KUKAO JE
akTiva 1 kal 8, €ival n ywvia Twv iocwv TTAEUpWV ToU.

o) Na atrodeicete 011 TO £UPAdOV TOU TPIYWVOU Egival:

E(6)=(1+0uvB).nue, 6 (0,).

B) Na Bpeite yia TToia Tipr TG ywviag 8 € (0,1T) 1o epBaddv E(B) yiverar uéyiaTo.

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




©EMA 9° Aocknon 4 oXoAIKoU ogA. 173 —0Tw(¢ gival

‘Evac avBokntTog £xel TO oXANA KUKAIKOU TOMEQ PE AKTiva r
Kal ywvia 8 rad. AlatiBeTal yia TV TERPiIQPALH TOU cUpUA

TTOU £X€I uNKog 20m.

20-2r
r

o) Na atrodeifete 611 n ywvia 6 gival: 6 = ,re(0,10).

B) Na Bpeite TNV akTiva Tou avBoknTToU av BEAOUUE O KATTOC va £XEI TNV PEYIOTN

duvaTth emAvelq.

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




Y1revlupion yia Toug HadnTég :

o) [Na 1o TTapatrdvw B€pa xpeidlovtal atré TN 'ewpeTpia TN B” Aukeiou 1o

ufKo¢ To€ou gvoc kKukhou || =1.8| kal To epBaddv KUKAIKOU Topéa

E-lr&
2

B) MNa Tov puBpd petaBoAnic xpetdlovtal TTOAAEC EvvoleC, AAAA OTTWOONTTOTE:

A Ta opoia Tpiywva Kal Ta 3 KPITHPIA OuoIdTNTAC.

A O vOpOC Twv ouvnuiTovwy, 6TTWE yia TV a givar: [o° =B +Yy> —2BYOUuvA

A To pniko¢ Tou KUKAou: |L = 2TR | Kal euPaddv KUKAIKoU diokou: |E = 'ITR2|

A H améoTtaon d0o onueiwv A kai B tou givar: |AB = \/

=Ys)

A ToO guPadOV evoC I0OTTAEUPOU TPIYWVOU UE TTAEUPA A TTOU €ival:

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ

E-

a?+/3
4




GEMA 10°

Aoknon 6 oxXoAIkou ogA. 174 — 6TTWCG €ival

Aivetal n cuvaptnon: f(x)= InTx X >0.

a) Na geAeTnBel Kal va Yivel n ypa@ikr TnG TTapaocTaon.
B) Na arrodeiete 6110 ' > (a +1)°l yla KaGBe a>e.
v) Na amodei€ete o11: f(x) = f(2) = 2* = x?, yia KGBe X >0, KAl 0T CUVEXEIQ

4TI n e€iowon 2" =X, éxel 500 akpIBWC PIZeC TIC: X;=2,X, =4.

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




Auon

0) 2UVOTITIKA YIQ TN MEAETN £XOUUE:

. f'(x):1_xl,?x, f'(x)=0ex=e. ® f"(x):2|n;3_3, f"(x)=0 & x =ee.

e KaTtakopu®n acUUTITWTO £Xel TNV X =0 Kal opiovtia Tnv y =0, OTO +o0,

e O TAPNC TTivakag HeTaBoAwyv TS ocuvdaptnong f ivai:

X 0 e eJe +00
f'(x) = 0 = =
f"(x) - - 0 +
f(x) | —oo -~ M = 1 ™ OK = : 0
e T 2eve
ys
, , , lVe — Inx
e Bdon Tou mivaka petaBoAwv ¢ f /@ ey

TTPOKUTITEI N YPAYIKA TNC TTapdoTaoNn

OTTWC @aiveTal oTo dITTAAVO OXNMA.




B) loxuouv ol Icoduvaiec:

o> (a+1)" @ ha* >In(a+1)" < (a+1).Ina>aln(a+1) <

| 1
Ina N n(a+1)

. — < f(a)>f(a+1),mou 1oxUel d1éT yia € < a < a+1, nouvaptnon
+

gival yvnoiwg ¢Bivouaoa.

y) loxUsr: 2* =x2 < In2* =Inx? <> xIn2=2.Inx < '“xx _ '“22 e f(x) = £(2).

Emropévwg n e€iowon 2* = x?, £xel TOOEC AUOEIC BETIKEC, GOEC ival Kal Of TIMEC

TOU X, YIa TIG OTToieg n auvapTtnon f maipvel Tnv TIpn: f(2) = %

e H egiowan 2* = x*, éxel TTpo@aveic AUCEIG TOUG apIBUOUG: x, =2 Kal x, = 4.
e O1 AUogI¢ auTég gival Kal jovadikég, d16TI n ouvdpTnon f gival yvnoiwg aufouoa

oto didotnua (0,e] kar yvnoiwg @bivouca aTo |e,+x).

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




©@EMA 11°

Aoknon 9 oXoAIkoU oeA. 174 — BeATIWHEVN
AivovTal ol CUVOPTACEIC:
f(x)=e"—Ax ka1 g(x)=e* pye A>0 Kal xeR.
o) Na Bpeite Tnv eAdx1oTn TIKA TS cuvdpTtnong f.
B) Na Bpeite TNV heyaAuTtepn TIMA Tou A> 0 yia Tnv oTroia 10X UEL:
e’ = Ax, yIa Kabe x € R.
Y)Av A=e, 10TE:
(i) Na arrodeiceTe 011 N €UBEia (e): y =AX, epamretai ing G, .

(if) Na utroAoyioeTte 1o euBadSV Tou Xwpiou Q TTOU TTEPIKAEIETAI ATTO TN YPAPIKA

TTapdaoTacn g ouvaptnong @ (x) = @ TOUC ACOVEC Kal TNV €ubeia x =2.

g(x)

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




a) f'(x)=e* - A, f'(x)=0<x=InA, Kai o TTivakag TTpdéanuou Tn¢ f' ivai:

B) loxUouv ol Icoduvapisg: € > A, XeR < €' - MX>0,xeR <
f(x)>0,xeR < minf(x)>0, x e R.
Emropévwg 10x0el: A(1-InA)20 A>0<1-InA>20< InA<hee< A<e,

AnAadr n ueyaAUTEPN TIMA TTOU UTTOPEI Va TTAPEI 0 ApIBUOC A gival: A=e.

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ



y)Na A=e, neuBeia (€) yivetar: y=ex

i)H (8) Ba epamreTal TNG C,, étav Ba UTTApXElI ONUEIO X, TETOIO WOTE N

gparmTopévn g C,, oT10 ONuEio A(xo,g(xo)), va TAUTICETAI JE TNV Y =€ X.

; N B aiX,)==ex e’ = ex
Ma va oupBei autd TTPETTE! { (%,) = ex, @{ 0

g'(x,)=e
Apan (s) gpamretal NG C, Je onuegio ETTAPNG TO A(1,g(1)) dnAadn 1o A(1,e).
Ii) H ouvdptnon @ ypdeetal o armmAd ye Tov

f(x) e —ex_
g(x) €
1oxUel: @(x) =0, x €[0,2]. (ovoTovia Tng P)

TUTTO: @D(X)= 1-xe™, xeR kai

2

2
1-x _ _ 1-x —
(1—xe )dx—2 IO Xxe ‘dx=...

0

E(Q)- [
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©EMA 12°

Acknon 9 oxoAlkoU ogA. 233 — BeATIWHEVN

‘Eotw n ouvdptnon f(x) = NS

a) Na BpeiTe TNV £¢icwan TNG EQATITOUEVNC (e) g C,, o1o onpeio NG A(1,1).

B) Na utroAoyioeTe TO euBadOV Tou Xwpiou Q TTou TrepIKAEieTal aTd TNV C,,TOV
Aagova TWV TETUNMEVWYV KAl TNV EQATTTOMEVN (e)

y) Na Bpeite Tov apIBUo a wWaTE n eubeia (C) S X =Q, va Xwpilel To xwpio Q

o€ DUO PEPN TTOU £XOUV TO D10 EUPRADO.

0) Na utToAoyioETE TO OpIO:

lim {f2 (x).npi(f(x)—lnf(x))}.

N

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




Auon

a) H epatrropévn g C,,oto onpeio A(1,1), £xel egiowon (g):y = XT”

1

0 1
B) E(Q):I (%x+%)dx+.|‘ (%x+%— x)dx:..: , TETPAY. MOVADEC.

. 0 3

y)  E€etaoupe av utrdpxel o € [-1,0], wore: I (%x + %) dx = %
-1

MeTd TOV UTTOAOYIONO TOU OAOKANPWHATOC TTPOKUTITEI N £CioWON:

3a? +6a+1=0, TToU £Xel pila ToV ApPIBUO:

0(:_3;\/6

~-0,184 [-1,0].

e E¢eTaoupe kal TV mepitiwon a e [0,1],

n otroia TEAIKA dev divel Auon,.

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ

1
-




0) lNpwTta dIANOPPUWVOUNE TOV TUTTO TNC CUVAPTNONG TTOU £XOUME OTO OPIO0 :

. f2(x)an(f(x)—lnf(x)):(\/; nu\/-](\/_ InJ_)

f(x)
(Fuge-in)-{(Fpof -2

e To 6plo lim [\/; N %) UTTOAOYIETAI JE TNV AVTIKATACTAON L u—0,
X—=+0 X

N

u—0 u

KQl TTAipVOUE: Inm(n“ ) 1.

In\/;

® To 6pio lim {T} uttoAoyiletal he Tov Kavova De I Hospital kai givai:
X

X—+

lim (In\/{f] =0. Apa 10 {nToUuEVO OpIo gival: 1.(+x).(1-0) =
X—+0 X

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




©EMA 13°

Aoknon 10 oXoAiIkoU ogA. 235 — Mg dAANn dl1aTUTTWON

‘EoTw o1 ouvapTioei¢ f,g ol OTToIEC €ival ouveXEic aTo dlAoTnUA [cx,B].

a) Av m,M e€ival Ta akpoTtarta Tn¢ f oto didoTnua [a, B],TéTe va OEiceTE OTI:

Bajf M(B - a).

QKX gival I

N[ A

B) lNa kaBe x e (O, ] va OeigeTe 0TI i) €@x > x i) H f(x) =

iii) loyuer £§I X <1
4 IX 2

6
v) Na d¢icete OT1: i) H ouvdpTtnon f(x) =e™, givar | oT0 [0,+w)
2 2 1 B
i) lox0er: 1-x*<e™ <1 ¥V x¢€[0,1 Kai 6T gsj e dx <1.

0

EAAHNIKH MAOGHMATIKH ETAIPEIA NMAPAPTHMA HMAOIAZ




©EMA 14° Aoknon £KT6¢ Tou aXoAIKoU BiffAiou

‘Eotw o1 TTapaywyioiyeg ouvaptioelc f, g: R — R yiA TIC OTTOIEC IOXUEL:

o 2f'(x)=1-f*(x), xeR. o g(x):iff);z:;,f(x)ﬂ kar g(0)=1.

o) Na atrodeicete 611 n ouvApTNON h(x) =e " (1+ g(x)), gival otaBepry oto R.

X

B) Na atrodeigete o1 g(x)=2€* -1 kai f(x)= 2" _1,
| +

yia KABe x € R.

v) Na peAethoete Tn ouvdpTtnon f wg¢ TTpog TV povoTovia, Ta akpdTaTa Kal VA
va OeigeTe OTI UTTAPXEI HOVADIKOG apIBUOG X, € R, TETOIOG WOTE: 4f(x0) =1.

0) Na atrodeiete 611 n ouvdpTtnon f €xel éva udévo onueio KAUTTAC OTO OTTOIO
va BpeiTe TNV £Cicwan TNC €QATITOMEVNC (€).

€) Na Bpeite 10 euPadov Tou xwpiou Q TTou TrepiKAeieTal amo v C.,a1mo TV
QACOUUTITWTN OTO 4090, TNV TTAPATTAVW £UBEia (€) Kal TNV euBegia X = e.

EAAHNIKH MAOGHMATIKH ETAIPEIA NMAPAPTHMA HMAOIAZ




Auon
a) h'(x)=-e™ (1+g(x))+e‘xg'(x). Apkei va deigoupe om: 1+ g(x)=g'(x),
[MpdyuaT £XOUNE:

(x) = 3f(x)+1 '_3f'(x).(1—f(x))—(—f'(x)).(Sf(x)+1)_2.(1+f(x))
o) - 3001 - iy 2
Emiong €xoupe: 1+g(x)=1+ ?;f_();z;:; = 251;;)(:;)) (2)

Apa ioxUel g'(x) =1+g(x), omdre: h'(x) =0. Aé TIg ouvETTEleg Tou ©.M.T.
eival: h(x)=c, c e R. MNa x =1, h(0)=2, dpa 1oxUel: h(x)=e™ (1+ g(x)) =2.

B) A6 Tnv 100TNTa €7* (1+ g(x)) =2, TTaipvoupe Tov TUTTO TNE g TTOU gival

3f 1
g(_x) =2.€* —1. TEAog TNV 100TNTA g(X)= 1_();2:) , QVTIKABIOTWVTAC TV g

X

Kal AUvovTac w¢ TTpo¢ f TTaipvoupe: f(x) = ex 1
e’ +

EAAHNIKH MAOHMATIKH ETAIPEIA NMAPAPTHMA HMAOIAZ

, yla KABe x € R.



2.e"

y) Eivar: f'(x)= >0, emmopévwe n f eival yvnoiweg av€ouoca oto R,

(e" + 1)2
Kal dev £xel akpoTara. Etriong 1oxUel: xlim f(x)=-1kai xlim f(x)=1.

e E1re1dn n ouvdpTtnon f ouvexnc Kal yvnoiwg av¢ouoca o1o R, TTPOKUTITEI

OTI TO OUVOAO TINWV TNE gival To d1AoThA: ( lim, lim ) =(-11).

e O apiBuoéc %e (—1,1), oUMQWva pe To Bewpnua TwWV eVOIAUETWY TIMWYV
Ba utrdpxel Evag TOUAAxIoTov X, € R TETOIOC WOTE:

f(xo):%a 41 (x,) =1.
O apiBpog x, €ival kal povadikog 0101 f gival yvnoiwg avgouoa oToR .

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




28" (1-¢e")
(e +1)3

H egiowan f"(x)=0, £éxel pida x =0 Kal To TTPACNUS TNG PaiveTal aTOV

8) H deuTepn mapdywyog Tng f Exel TOTTO: f"(X) = ,XeR

ETTOMEVO TTiVAKA:

To onpeio KapTrAg €ival To O(0,0) oTo OTTOI0 N £PATITOPEVN TNG YPAPIKAG

TTapAoTACNC £XEI ECioWoN:y = %x.

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




€) H eubeia ue egiowon y =1, gival n acUPTITWTN TNG C, OTO +90 Kal TO EUPadov

TOoU Xwpiou Q, BpiokeTal atmrd 10 dBpoIoua TwV eUPadwyv oTa dIACTANATA, [0,2]

3 10) s [ (1-00)) x -

2

Kal [2,e], dnAadn: E(Q)=E(Q,)+E(Q,) =_[

0

. e X _ 2 2% _1 s
o j Il I 1-£ 1 dx=j5dx—J- © dx+J‘1dx je 1dx. -
2 e +1 2 e* +1 02 0 e +1 2 e" +1

=W, OoTToTE: edx =dw K. A. TT.

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




©EMA 15°

AoKNON EKTOG TOU OXOAIKOU BIAiov

AivovTal ol CUVAPTATEIC: f(x):x2—1,g(x):9 kar h(x)=x-1 yia x#0.
X

Oewpoupe TN ouvaptnon: @(x)=af(x)- h(x)—% g(x), x € (-=,0).

a) Av 1oXUElL: (p(x) > 5, yla KABe X € (—oo,O), TOTE va BPEITE TNV TIUA TOU a € R.
B) 210 id10 CUCTNUA ACOVWYV VA YivVOuV Ol YPAPIKEC TTAPACTACEIC TWV TPIWV
guvapTNoewV f,g,h, yia X € (0,+oo) Kal va Bpeite Ta Kolva Toug onueia AB,T.

Y) Na uttoAoyioeTe 10 eUBadOV TOU PIKTOYPAPUOU Tplywvou ABI .

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




Auon

o) H ouvdptnon @ PeTA TNV avtikardoTtaon Twv f, g, h TTaipvel Tnv popon:

(p(x):axz—a—x+1—§, X <0

» Eival Tapaywyioiun oto (-«,0) pe mapdywyo: @'(x)=2ax -1+ x% x < 0.

e loxvel @(x)=5 yiakdBe x <0 kar ¢(-1)=5. Emopévwg: @(x)=¢(-1).
Apa £xel EAaxIoTn TR 10 5 ot 6€0n X, = —1. ZUpPwva Pe To Bewpnua Tou

Fermat 1oxUel: (p'(—1) =0, ammd Tnv otToia TTaipvouuEs: a = —1.

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




B) A6 Tn AUon Twv 3 cuoTnudTwy TTaipvoupe Ta onueia: A(2,3), B(1,0),(3,2).

y) To epgpadov Tou xwpiou Q dnAadr Tou ABI
utToAoyileTal e TO ABpoIoUa TWV EPRAdWV

Twyv Q,, Q, dnAadn : E(Q)=E(Q,)+E(Q,)=

2 3
L (f(x)— h(x)) dx +L (9(x) - h(x))dx =

g+(6ln§ _E) = (6In§ —ZJ T.H.

2 2 2 3
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©EMA 16° AoKnon £KT6¢ Tou aXoAIKoU BifAiou

2

‘EoTw n ouvapTtnon: f(x):oxx—(J +1x2,xe]R{ Kal a=0.

o) Na Bpeite Ta onueia Toung O, A Tng C, hE TOV X'X.
B) Na atrodeigeTte OTI Ol EQATITOPEVEG TNG C.,0TA TTAPATTAVW ONUEid, axnuarifouv
ME TOV AZova X' X, YWVIEC TTAPATTANPWHATIKEC.
y) Na a=1, 161¢:
i) Na vyivel n ypa@ikn rapdoTtacn TnS f, va BPEITE TIC ECICWOEIC TWV EQATITOUEVWV
oTa onueia O, A KaBw¢ Kal To onueio B 1Tou TEuvovTal.
Ii) Na uttoAoyioeTe 10 euBadov Tou Xwpiou Q TTou TTEPIKAEIETAl ATTO TNV C, KAl TIG
EQATTTOMEVEC OTA ONUEia TOUNC KE Tov Gova X 'X.
1if) Na Bpeite TNV €€iowaon TNE euBegiag y = K, TTou Xwpilel To TTapatTavw Xwpio Q

o€ OUO MEPN WOTE TO £va va £Xel TO OITTAACI0 €UPadO Tou GAAOU.
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Auon

a) f(x)=0e x=01 x:mf‘i1

oTTOTE T onuEia TOPNG ME Tov dfova X 'X €ival:

4a
O(0,0 A 0.
00) a A[ % 0]

2

a +1

B) H mapdywyoc¢ Tn¢ ouvdptnong f ivai: f'(x) =a- X, XeR.

e H kAion Tn¢ epatrTopévng ota onueia O kal A avTigToixa givai: f'(O) =q Kal

[ 4a a’+1 4a
f' = =a- ——— =0a-2a=-q.
a +1 2 a +1

e Av W Kal @ gival avTioTolXa Ol YWVIEC TwV

£QATITOMEVWY eUbeiv TNG C, oTa onueia

O kal A avrioToixa, 101 IOXUEL:

EQW = —€@@. Apa 1I0XUEL: W+ @ =TT.

EAAHNIKH MAOHMATIKH ETAIPEIA NMAPAPTHMA HMAOIAZ




y) MNa a=1, o 101M0g NG fyiveTar f(x)=x- %xz KAl JE CUUTTARPWON TETPAYWVWV:

f(x)=x—%x2 :—%(x—1)2 +%

i) H epamtopevn oto onueio O gival: |y =X

Kal OTO onueio A: |y = —x +2|.

To onpeio Toung Twv £QaTTépevwy eivai 1o B(1, 1).

a 2
ii) To epBaddv Tou Q eivar: E(Q) = (OAB] —I (x —5X

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




1ii) Ao@aAwcg TTpETTel N opIdOvTia eubeia y =K va TEPVEI TO Xwpio. ['a va cupBei

auTéd TTPETTEl va BpioKeTal TTavw atréd v Kopuen I(1,1/2) g TrapaBoAnig Kai

KATWw a1ré 10 onueio B(1,1). Mpétel dnAadn: 1/2<k <1.

Av E, E, ival Ta epBadd Twv duo xwpiwy,
A
ue E, =(BMN) kKar M,N €ival Ta onueia TTou

N eudeia y =K TEUVEI TIC EQATTTOMEVEC, TOTE

Ba 1oxvelr E, =2E, < E, +E, =3E, &

,

E-3E, oF, —1/3E<E -1/9. Apa sivar E,z(Bl\?lN]zU—K) ~ 19,

atrd TNV OTToia TTaipvouuE: K =2/ 3.

EAAHNIKH MAOHMATIKH ETAIPEIA MAPAPTHMA HMAOIAZ




