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Ofpoata pIKPAOV TAEEMV

ITIPOBAHMA 1
Atvetar oEuyovio tpiyovo ABIT (ue AB < AT <BI'), gyyeypappévo oe KOKAO

c(O,R) (pe xévtpo to onueio O xar aktiva R). O xdkAog ¢ (A, AB) (ue kévipo 10
onueio A ot oktive AB) téuver v mievpd BIT ot10 onuelo A kot Tov
nepryeypoppévo kokho ¢(O,R) oto onueio E. No amodeiete 6t m mhevpd AT

dyotopet ™ yovia AAE.

Avon (1% tpémoc)

O yovieg TAE ko TBE sivat gyyeypoppéveg otov kokAo ¢(O, R) (oynmua 1) kot
Baivovv o1o 1810 T0EO0 ﬁi, omoTe givan ioeg, ONANOT EYovpE

A,=TAE=TBE. (1)

Eriong, n yovia ABE mov givau ion pe m yovia I’ BE givon EYYEYPOAUUEVT] GTOV
KOKkAo ¢, (A,AB) xat Baver oto 16&0 EE, EVO 1M yovia AAE givan N avtictoym
EMIKEVTPN TNG YOViOg ABE . Enopévmg &xovpe
AAE A +A,

2

I'BE = ABE = ()

ZyMua 1

Amd 1ig oxéoerg (1) xon (2) Aappavoovpe



A +A,

2
amd TV omoio TpokvTTEL OTL Al :Az, oniadn n Al eivon dyyotdpog ™G Yoviag
AAE.

A, , 3)

2% tpomog
O yopdég AB xau AE tov xOKAov (¢) eivon ioeg petalhd toug, g aKTiveg Tov
KOKAOV (¢, ), ondte 10 Tpiywvo ABE etvor icookelég pe
B, = ABE = AEB. (3)
Ouwg or yovieg AEB ko I givan EYYEYPOUUEVEG GTOV KUKAO c(O,R) Ko

Baivovv o10 1810 100, omdte Ba eivon ioeg, OnAaon

AEB=T". (4)
Ao 11 (3) ko (4), Exovpe
B, =ABE=T (5)
KOl EMOUEVWDG TTPOKVTTEL OTL
B,=B-B,=B-T. (6)

Amd 1o 1600keAEG Tpiywvo ABA, éyoupe: AI = AAB=B kut EMEWON M AI glvon
eEwtepikn Yovia Tov tpryddvov AALT, cvumepaivovpe 0Tt
B=A =AAT+T'=A +T

= A =AAl=B-T. (7)
Amd 116 oyéoelc (6) ko (7) AapPdvooue v oot
A, =B,. (8)

EmumAéov, ot yovieg ]§2 xat TAE = Az etvar gyyeypoppéveg otov KOKAO c(O,R)

ka1 Baivovv 610 1610 T6E0 fﬁ, omote givat ioeg, OnAaon
A,=TAE=TBE=B,. 9)

Ano6 tig oyéoeg (7), (8) ko (9) Aappdvoope v wotta A, =A, =B-T", and

Vv onoia wpokvTTeL 0Tl 1 Thevpd AT dryotopel T yovia AAE .

IMPOBAHMA 2
IMoa t1g dtbpopeg Tég g mapapétpov a € R, va Acete v e€icwon
Hx—4|—2x+8‘ =ax+4.

Avon

Me okomd v amoiloyn omd v omdAvtn T tov x—4, Bewpovue TIC
TEPUTTAOGELG:

I. x>4.Tote éyovpe |x—4| =x—4 ko n eElowon yiverat:

|x—4—2x+8|:ax+4<:>‘—(x—4)‘:ax+4<:>|x—4|=ax+4
<:>x—4:ax+4<:>(1—a)x:8,

OTOTE OLOUKPIVOLLLE TIC TEPITTMOGELS:
o T a=1ne&iowon yivetor 0-x =8 kot etvar advvot.



e Tw a#l neElowon &yel povadikn Abon x = li’ povov otav
-a

B oo 2 sieM 00 (art)(a-1)<0a%l o 1<a<l.

l-a l-a l-a
Mo a<—-11Ma=1 neElowon dev £xel Abon peyardtepn 1 ion tov 4.

II. x<4. Tote &rovpe |x—4| =—x+4 ko1 e&iowon yivetat:
|—x+4—2x+8|:ax+4<:>‘—3(x—4)‘:ax+4<:>‘3(x—4)‘:ax+4
<:>—3x+12=ax+4<:>(a+3)x:8,

OTOTE OLOKPIVOVLE TIG TEPUTTOCELS:
e T a=-3 neklowon yivetar: 0-x =8 ko givar advvar.

8
o T a#-3 neklowon éyel povadikn Adon x = 3 puévov dtav
a+

8 <4 2 <1<:>_a_1<0
a+3 a+3 a+3

< (a+3)(a+1)>0,a=-3<a<-31 a>-1.

Mo -3 <a <-1 n eklowon dev €xel Aon pupdtepn tov 4.

Yvvoyilovtog, A Ta mopamdve Exovue Ot

e Tw a<-3,ne&lomwon &yt pio povo Aon x =

a+3
o Tw -3<a<-1,neklowon dev &yl Aon.
o T a=-1,nellowon &yel pia pévo Aon x = " 8 .
—d
, . , 8 8
o T —-l<a<l,n elicmon €xel 600 Aboelg x = Kol X =
l-a a+3
8
o T a>1,n efiowon &xet pia povo Adon x = 3
a+
IMPOBAHMA 3
O Beticot aképator m, n, pe m > n, IKOVOTolovV TV e&icmon
EKH{m,n}+MKA{m,n}:m+n. *)

(o) N amodeilete 6tL 0 1 givan dtoupétng Tov m .
(B) Av emmAéov 1oyvel 6Tt m—n =10, va. mtpocdiopicete 6Aa ta. {gvydpla (m, n)

mov gival Aoelg g e&icwong (*).

Avon
(@) Eoto 61t MKA {m,n} = d . Téte vrapyovv Beticoi axéponot a,b tétolo Gote:
m=ad, n=bd ko MKA{a,b} =1.
_mn _ adbd

Téte Oa woy0el 6 EKIT{m,n} = TS abd xoun eéicoon (*) yiveto:

abd+d:ad+bd<:>d(ab+l—a—b):0,

amd v omoia, aeoV d >1, mpokdmtet Otu:




ab+1—a—b=0<:>(a—1)(b—l)=0<:>azl nb=1.
o Avsivan a=1, tote m=d ko n=bd >d =m, dromno.
o Aveivan b=1, 101 n=d war m=ad , ONOTE TPOKLITEL OTL 7 |Mm .
(B) Zopowva pe o epOTUA (a), Eyovpe n=d Ko m=ad , pe a >1, apod
m > n, onote
m—n:10<:>ad—d:10<:>(a—1)d=10.
Eneidn ot apBpoi a—1,d eivan Betucol axéparot, Emeton 6T
(a-1,d)€{(1,10),(2,5),(5,2),(10,1)} & (a.d) €{(2,10),(3.5),(6.2).(1L1)},
omdte AapPavovpe ta (gvydpla
(m,n) =(20,10)  (15,5)1 (12,2) 7 (11,1).

IMPOBAHMA 4
[Tavew oe emimedo I1 diveton gvbeion & ko mhvw oty & divoviar 600 onueia

A, A, dwpopetikd petald tove. Oewpovpe akoun Kot dVo Stupopeticd petady
TouG onueia A,, A, tov emmédov I1 mov dev avnkovv otnv gvbeia €. Na efetdoerte,
av gtvor duvatov va tomofetnOolv ta onueior A, kot A, oe t€toleg Bécels, Mote va
oynpotileton 0 peyaANTEPOG SLVATOS APIOUOG IGOCKEADY TPLYOVOV LLE KOPLPES Tpia
amo ta técoepa onueto A, A, A LA,

(a) 6tav ta onpeio A;, A, avnKOLY GE SAPOPETIKE NUIETITESQ MG TPOG TNV

gvubeiace,
(B) 6tav to onueia A,, A, aviikovv oto 1010 nuieninedo g mpog v evbeia & .

Noa ddoete Oheg TIC dVVOTEG TEPUTTAOGELS Kl 6€ KAOe mepimtmon va eEnynoete
TG UTOPOVV VO TPOGOOPIGTOVY YEMUETPIKE To onpeia A, kot A, .

Avon
[Ipdta mapatnpovpe 61t and téocepa onpeio Tov ava Tpia etvon pun cvvevbelaxd,
4 !
opilovtalr GLVOAKA =——=4dweopetikd Tpiyova. Emouévee, o péyioto
S BETST Y = pey

duvatdg aplBpog 1IGOGKEADY TPLYDOVOV TOL UTOPEL VoL OPLGTOVV [LE KOPLOEG TPl amd
ta omd To TEcoepa onueio etvan 4. Xt cvvéyeta, v Tic tepumtooelg (o) kot (B), Oa
npocrodncovpe va tonodetrcovpe ta onueia A, kot A, o€ té101EC O€0ELS, £T0L OOTE

vo. opilovtot téocepa 1600KeA Tpiyova omd ta onueia A, A,, A, xar A, . o Tov
OpPIOUO 1GOCKEALOVG TPLYMVOL pe VO KOpLEES A, Kot A, vrApyovv VO OSvVATEG
TEPITTAOCELS GE GYEon e T Paomn kot T1g ioeg TAgvpEs. X mpodTn Mepintwon n A A,
gtvol Baom, evd otn devtepn mepinmtwon N A A, efvar pio amd TG ioeg mAgLpEC.
‘Exovtag 610 vou poG avTéS TS d00 duvatdTNTEG, TPOOTAOOVUE GTN GUVEXEWD VO
KOTOOKEVAGOVUE 1GOCKEAN Tplywvo pHe KOpLeEG Tplo amd To. TECoEPO OMpEin
ALAA kA,

(0) To onueia A,, A, aviikovv oe diapopetika nuieTineda ws mpog v evbeio & .
I'o tov opiopd 1606KeLOVG TPLydvoLy pe 600 KOpLupeés A, kot A, vrdpyovv ot
TAPOKATO SVVOTEG TEPUTTAOCELS:



H npa mepintoon etvar ta onueion A, kot A, vo oviKovv 611 HEGOKAOETN
d tov gvBVYpapOL TUNHOTOG A A, KOl GE SLOLPOPETIKA NUETITESO G TPOG
v evbeia €. Tote opifovran ta 1ookeln tpiyova A A, A, xar A/AA,. Av
emmAéov 10 onueio A, efvar n topn G pECOKADETNG O pe TOV KOKAO
c(ALAA,;), 101 B0 eivar A A, =AA,, 0Ad kot A, A, = A, A, (Myw
ovupetpiog), omote kor ta Tpiyove A A A, kot AA A, elvor 1600KEAN,
oxnuo 2.

A\/AS
A
Zyfpa 2
H devtepn mepintoon eivor yevikevon g npatng. Ta onuelo A, kot A,

AapBavovtal GUUUETPIKO ¢ TPog TV €vbeia &, v o Tvyovoa gvbeia C
Ka0etn mpog TNV evbeia g, Oyt ota onueiar A, A,, ahAd kot Tdve 6TOV KOKAO

c(A,AA,), dote va eGooearitovron ot 16otTeg AA, =A A, =A A, Kat
AA, =AA,, AJA, =AA,, 0po0 1 gvubela € efvar pecokddetn g xopoNg
AA,, oxfipa 3.

Zyfpa 3

B) To onueio A,, A, avixovv oto id10 quieminedo wg mpog v evbeio. & .
"Exovpe 600 duvotéc mepmtdoelc:

To onueio A, avrkel 6t pecokddetn & Tov evOVYpappov TpuNUaTOg A A,
Ko to onueio A, AapPdvetar ¢ n topn TOV pECOKAOET®V & Kou C TV
evfOypoppwv tunudtov A/A, ko A/A;, avtictoyo. Tote kot To T€c0€Epal
Tplywvo mov opiCovrar amd to onueia A, A,, A; ko A, eivor 1lcookeln.



Zypo 4

"o var avrjket To onpeio A, oto 1610 nuieninedo pe to onueio A, 0o mpémet 1o

tplyovo A A, A, va givatl o&uymvio, oynua 4.

e Toonuela A, xar A, Aappdvovtar €161 ®cTE T0 TETpATAELpO A A, AA, va

etvar teTpdywvo 1 popuPog, nAadn TPETEL Y10, TO TETPAYMVO VAL IGYVOVV
AA, =AA =AA, xu AA, LAA,, AA, LAA,, oxiua s,

EVO Y10 TO pOUPO TPETEL VO 15YVOVY

AA, =A A =AA = A A, oxfipo 6.

Xy mepintoon avt) opiovpe mpate to onpeio A, mhve 610 KOKAO

c(A,AA,) étol Gote A A, = A A, ka o611 cuvésia Bempodpe To onpeio

A3 GUUUETPIKO TOV Al ®¢ TPog TNV gvbeia A2A4.

Me tov 810 Tpdmo pumopodv va Bewpnbovv ta onueio A, xat A, 610 dAAo

Nueningdo g mpog v evbeia ¢ .

€
A1 A4

2 A

Zynua 5

Hapatipnon

€

ZyMpa 6

Xy mepintoon (a) Oa prmopodoape vo Oewpricovpe t0 onueio A, oe tétoln

0éomn, oote va wydovv: A A, =AA, xau AA, LA A, ondte 10 Tpiyovo A A A,

etvol 1oookelég ko opboydvio, oynua 7. Xtn cvvéyelon to onueio A, mpémel va

tomobetnOel oe drapopetikd nueninedo oe oyéon pe 10 A,. Ot mbavég B€ceg Tov

eoivovtal oto oynuo. 7, OAAG ot TpElg meputtdoelg opilovion Tpla akpPmdg
IGOCKEAT Tpiymva Kot otnv tétoptn pe A, =A povo 6vo. Emopéveg oe avt) v

TEPIMTOON OEV EMTVYYOVETOL O OPIGHOG TOV HEYIGTOV duvaToD apPBUoD 1GO0GKEADV

TPLYOVOV.



Zypo 7



